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W Topology optimization

Models for topology optimization problems tend to:

= involve PDEs = require a discretization;
= be nonconvex = may support multiple local minima.

i* 9

Two
., minimizers

of the same
optimization
problem
Aage, Andreassen, Lazarov, Sigmund, Nature (2017)
In this talk we will solely consider density-based models & FEM
discretizations.
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W Choice of optimization strategy

Observations

= Potentially many (local) minimizers.
= Millions of degrees of freedom.

Consequences

= Require algorithms that converge quickly.
= Compute multiple minimizers in a systematic manner.
= Require preconditioners for the solves e.g. effective multigrid cycles.

Our proposal

The deflated barrier method.
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o The deflated barrier method

Deflated barrier method

Barrier-like terms + primal-dual active set strategy + deflation

Solution space

L
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o The deflated barrier method

Deflated barrier method

Barrier-like terms + primal-dual active set strategy + deflation

Solution space

Step lll: termination on nonconvergence
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W Construction of deflated problems

A nonlinear transformation of a nonlinear system

F(x) =0 has the solutions xi, ..., X,.
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A nonlinear transformation of a nonlinear system

F(x) =0 has the solutions xi, ..., X,.

Via, e.g. Newton’s method, we discover x;.

G(x) = M(x; x1)F(x) =0 has the solutions xo, ..., X,, but not xi!

A deflation operator

We say that M(x; x1) is a deflation operator for F if (1) it is invertible
VX # X1 in a neighborhood of x; and (2) for any sequence x — X

liminf [|GCo)|| = fim inf [|M(x; x1)F()]| > 0.
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W Construction of deflated problems

Suppose F is semismooth at x; and its Newton derivative is invertible and
bounded. Then the following is a deflation operator for F:

-
X = xi[P

M(X;X1):< +1), forany p > 1.
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Construction of deflated problems

Theorem
Suppose F is semismooth at x; and its Newton derivative is invertible and
bounded. Then the following is a deflation operator for F:

1
X = x|l
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Construction of deflated problems

Theorem

Suppose F is semismooth at x; and its Newton derivative is invertible and
bounded. Then the following is a deflation operator for F:

g
= x|

M(x;x1):<” +1), forany p > 1.

After discretization, deflation is very easy to implement!

Step 1
Compute the undeflated Newton update sxg = —[F'(x)] ' F(x).

Step 2

Let m = m(x) = M(x; x1). Then the deflated Newton update satisfies

~Nm',6x) ) ’

m
X6 = T(x, 6XF)dxF Where 7(x, x) = (1 T o)
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vk | The Borrvall-Petersson problem

I'gr =
=i =

| |
3/2 ‘

:

Double-pipe problem
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vk | The Borrvall-Petersson problem

I'qr =
T =

Double-pipe problem

A fluid topology optimization problem

= Stokes flow.
= Wish to minimize the power dissipation of the flow;
= Catch! The channels can occupy up to 1/3 area.

= Requires solving a nonconvex optimization problem with PDE, box, and
volume constraints.
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o Borrvall & Petersson

T. Borrvall and J. Petersson derived the “generalized Stokes equations”:

alp)u—vAu+Vp =T, (1)
div(u) =0, (2)
ulag = g @)

a(+) is an inverse permeability term.

Common choice: a(p) = & (1 - p(q+1)) ,a>0,g>0.

pt+q
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o Borrvall & Petersson

T. Borrvall and J. Petersson derived the “generalized Stokes equations”

alp)u—vAu+Vp=f,

(1)
div(u) =0, (2)
Ulaa = g 3)

a(+) is an inverse permeability term.

Common choice: a(p) = & (1 - p(pq:;)) ,a>0,g>0.

—vAu+Vp=f = Stokes,
=f = u=0.
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W Borrvall & Petersson

Find velocity u € H'(Q)? and density p € L°°(Q) that minimize
Jw.p) =5 [ alo)luf +u ~2f - udx,
Q

subject to div(u) =0, ulaa = 9,0 < p < 1,and [, pdx < §|Q].
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W Borrvall & Petersson

Problem
Find velocity u € H'(Q)? and density p € L°°(Q) that minimize

J(p) = 3 / a(p)|uf + [Vul2 - 2f - udx,

subject to div(u) =0, ulaa = 9,0 < p < 1,and [, pdx < §|Q].

FEM discretization: I. P, E. Suli, J. Comput. Appl. Math (2022)

Consider an isolated minimizer (u, p, p) of the Borrvall-Petersson problem.
» (u, p) is discretized with a conforming inf-sup stable FEM discretization.
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W Borrvall & Petersson

Find velocity u € H'(Q)? and density p € L°°(Q) that minimize
Jw.p) =5 [ alo)luf +u ~2f - udx,
Q

subject to div(u) =0, ulaa = 9,0 < p < 1,and [, pdx < §|Q].

FEM discretization: I. P, E. Suli, J. Comput. Appl. Math (2022)

Consider an isolated minimizer (u, p, p) of the Borrvall-Petersson problem.
» (u, p) is discretized with a conforming inf-sup stable FEM discretization.
« Density p is discretized with an L2-conforming discretization.

Then there exists a sequence of discretized solutions such that
(Un, Pn, pn) — (U, p, p) strongly in H'(Q)? x L3(Q) x L5(Q) for 1 < s < .

E.g. use Taylor—Hood (P2-P1) for (u, p) and continuous P1 for p.
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o The deflated barrier method
% | Overview

Deflated barrier method

For p = po (1 — 0), solve VL, (u, p, p, \) “="0 with a primal-dual active set
strategy where

L/—t(u7 Ps p7 >‘) = J(U, p)
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The deflated barrier method

Deflated barrier method

For p = po (1 — 0), solve VL, (u, p, p, \) “="0 with a primal-dual active set
strategy where

L(U, . p. A) = J(u, p) — /Q pdiv(u) + A(1/3 — p) dx

- Branch 0
—<- Branch 1 " Zo
.'/
0
=
o
— -7z
Q =0
s o Zk+1
3 v x
, -
- ~ G
e 7 Zks1
/'/ -
= o
— -
e
‘!
- M1 Mk Hr-1 Ho

2025-10-30
10/30




RICAM Special Semester, Computing multiple solutions of topology optimization problems

o The deflated barrier method
% | Overview

Deflated barrier method

For p = po (1 — 0), solve VL, (u, p, p, \) “="0 with a primal-dual active set
strategy where

L(U, . p. A) = J(u, p) — /Q pdiv(u) + A(1/3 — p) dx

~u [ Tog((p+ (1 + = p)) dx.

- Branch 0 »
—- Branch 1 »~ 2o
t'/
0
=
o
— -7z
Q ="
s o Zk+1
3 - =,
, -
- ~ G
4 7 Zkta
e =%
= o
— -
e
‘!
- M1 Mk Hr-1 Ho

2025-10-30
10/30




RICAM Special Semester, Computing multiple solutions of topology optimization problems

vk | The Borrvall-Petersson problem

I'qr =
T =

Double-pipe problem

A fluid topology optimization problem

= Stokes flow.
= Wish to minimize the power dissipation of the flow;
= Catch! The channels can occupy up to 1/3 area.

= Requires solving a nonconvex optimization problem with PDE, box, and
volume constraints.
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W Double-pipe solutions

(a) Straight channels
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I >

(a) Straight channels (b) Double-ended wrench

4
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(a) Straight channels (b) Double-ended wrench

(c) Neumann (i)
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W Double-pipe solutions

(a) Straight channels (b) Double-ended wrench

(c) Neumann (i) (d) Neumann (ii)
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v | A fluid topology optimization problem

i

Five-holes double-pipe setup.

Fluid topology optimization

= Navier—Stokes flow.

(13/4)
176 (1/2,2/3) °
L ] 1.1/2)
e
1/2,1/3)
16 1,1/4)
e
| |
[ 32 I

= Wish to minimize the power dissipation of the flow;

= Catch! The channels can occupy up to 1/3 area.
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W A fluid topology optimization problem
'™ | Five-holes double-pipe

J = 60.09
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W A fluid topology optimization problem
'™ | Five-holes double-pipe

J =57.96

2025-10-30 g
13/30 é



RICAM Special Semester, Computing multiple solutions of topology optimization problems

1" A fluid topology optimization problem
'™ | Five-holes double-pipe
Z A~ A - =
J = 60.09 * J = 5627 m I"»H)T * %,‘
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W A fluid topology optimization problem
'™ | Five-holes double-pipe

E——— g S ——
Pad l"nv { Dgnd .@*‘ Pa ‘ -0—‘4 ..;1

J = 60.09 J=5 J =156.27 J =545
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W A fluid topology optimization problem
'™ | Five-holes double-pipe
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" Examples
'™ | 3D quadruple-pipe

= 3D discretization on a 40 x 40 x 40 block ~ 3,000,000 dofs.

. (3/201)

(3/200)

(0.00)
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" Examples
% | 3D quadruple-pipe

= 3D discretization on a 40 x 40 x 40 block ~ 3,000,000 dofs.
= (Stokes) Nevertheless still numerically tractable via preconditioning techniques.
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" (3/200)
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FEM discretization: I. P., SINUM (2022)
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FEM discretization: I. P., SINUM (2022)

= (u, p) is discretized with a non-conforming div-free inf-sup stable discretization and an
interior penalty is added.
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FEM discretization: I. P., SINUM (2022)

= (u, p) is discretized with a non-conforming div-free inf-sup stable discretization and an
interior penalty is added.

« Density p is discretized with an L2-conforming discretization.

Then there exists a sequence of discretized solutions such that
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FEM discretization: I. P., SINUM (2022)

= (u, p) is discretized with a non-conforming div-free inf-sup stable discretization and an
interior penalty is added.
« Density p is discretized with an L2-conforming discretization.
Then there exists a sequence of discretized solutions such that
(Un, P, pn) = (U, P, p) strongly in H'(T5)9 x [3() x L5(Q) for 1 < s < co.

E.g. Brezzi—Douglas—Marini with IP for (u, p) and piecewise constant for p.
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W Further refinement

15,953,537 degrees of freedom.
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" More examples

Roller pump

2025-10-30 .
19/30 }




RICAM Special Semester, Computing multiple solutions of topology optimization problems

W Compliance of linear elasticity

min/ f-udx subject to, for all v e H}(Q)“,
Q

u,p

(e+ (1 —€e)pP)[2uVsu: Vsv + Adivu - divv] — f- vdx =0,
Q

0<p<At, /pdngy\m.
Q
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vk | Compliance of linear elasticity

min/ f-udx subject to, forall v € H}(Q)?,
Q

u,p

/(e + (1 = €)pP)[2uVsu : Vsv + Adivu - divv] — f- vdx =0,
Q

0<p<A, /deﬁ'y|Q|.
Q

FEM discretization: |. P., Numer. Math. (2025)
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min/ f-udx subject to, forall v € H}(Q)?,
Q

u,p

/(e + (1 —€)pP)[2uVsu : Vsv + Adivu - divv] — f- vdx =0,
Q

0<p<A, /de§7|Q|.
Q

FEM discretization: |. P., Numer. Math. (2025)

= Either Sobolev regularization is added or density filtering is used.
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vk | Compliance of linear elasticity

Tin/ f-udx subject to, forall v € H}(Q)?,
P JQ

/(6 + (1 = €)pP)[2uVsu : Vsv + Adivu - divv] — f- vdx =0,
Q

0<p<A, /de§7|Q|.
Q

FEM discretization: |. P., Numer. Math. (2025)

= Either Sobolev regularization is added or density filtering is used.
= Conforming FEM discretization for (u, p).
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vk | Compliance of linear elasticity

u,p

min/ f-udx subject to, forall v € H}(Q)?,
Q

/(6 + (1 = €)pP)[2uVsu : Vsv + Adivu - divv] — f- vdx =0,
Q

0<p<A, /de§7|Q|.
Q

FEM discretization: |. P., Numer. Math. (2025)

= Either Sobolev regularization is added or density filtering is used.
= Conforming FEM discretization for (u, p).

Then there exists a sequence of discretized solutions to the first-order
optimality conditions such that
(Un, pn) — (u, p) strongly in H'(Q)? x Y,

where Y = W'P(Q) (Sobolev regularization) or Y = L5(Q) (density filtering).
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W Compliance of linear elasticity
MBB beam
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W Compliance of linear elasticity
MBB beam

XXX

Double cantilever
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1 Preconditioning for Borrvall-Petersson

Need a p, h, p-robust preconditioner.
DGo x BDMy x DGy discretization for (p, u, p).
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PDAS linear system: F'(z)6z = —F(z)
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1 Preconditioning for Borrvall-Petersson

Need a p, h, p-robust preconditioner.
DGo x BDMy x DGy discretization for (p, u, p).

PDAS linear system: F'(z)6z = —F(z)

C. DT 0\ /[ép f,
D A, BT||du|=-(f]. (4)
0 B 0 op fo

o 7
(p— Elog;)2 (1+ €log — p)?’
A, = —vA +a(p) + yVdiv, B=div, BT~ V.

D~ d'(p)u,

Cu =~ " (p)|uf* +
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1 Preconditioning for Borrvall-Petersson

Need a p, h, p-robust preconditioner.
DGo x BDMy x DGy discretization for (p, u, p).

PDAS linear system: F'(z)6z = —F(z)

C. DT 0\ /[ép f,
D A, BT||du|=-(f]. (4)
0 B 0 op fo

14 K

Cu = () uf> + D~ o/(p)u,

=+ )
(p— Elog;)2 (1+ €log — p)?
A, = —vA +a(p) + yVdiv, B=div, BT~ V.

If index i is in the active set, then the ith row and column are zeroed and a one is added
on the diagonal.
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" Block preconditioning

c. D" 0 sp f,
D A, B'|[|éu|=-[f
0 B 0 op fo

Solver strategy

= An outer flexible GMRES Krylov method;

= Invert pressure mass matrix M, (diagonal matrix);
= Invert C,, (diagonal matrix);

» LU factorize A, — DC,;'D" (expensive).
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" Block preconditioning

c. D" 0 sp f,
D A, B'|[|éu|=-[f
0 B 0 op fo

Solver strategy

= An outer flexible GMRES Krylov method;

= Invert pressure mass matrix M, (diagonal matrix);
= Invert C,, (diagonal matrix);

» LU factorize A, — DC,;'D" (expensive).

Can we find a cheaper solve for A, — DC;"D"? ...yes, via a geometric
multigrid scheme. It requires a special vertex-star patch smoother and
a definition for the active set on the coarser grids.
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" Block preconditioning
'™ | The Schur complement

I I s TGN (I

where the Schur complementis S =D — CA~'B.
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" Block preconditioning
% | The Schur complement

I I s TGN (I

where the Schur complementis S =D — CA~'B.

First Schur complement factorization
{C.|DT 0\ A = C, — diagonal

D A BT A_Dc—1DT BT
HERS =51, = (M1 000 )
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" Block preconditioning

A, —DC,'DT | BT\

s( 5 [0)
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" Block preconditioning
AS)
A,—-DC;'D" | BT . . N
Siy = / i L ‘ \ just do another inner block factorization!
\ B8 [o)
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" Block preconditioning

Siy =

—1pnT T
(A” — DBC“ b I BO ) just do another inner block factorization!

Second Schur complement factorization

A=A, -DC;'D'
S=$S,,:=-B(A, -DC,'D")'BT
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" Block preconditioning

Siy =

—1pnT T
(A” — DBC“ b I BO ) just do another inner block factorization!

Second Schur complement factorization

A=A, -DC;'D'
S=$S,,:=-B(A, -DC,'D")'BT = —""Mp as v — .

spectrally

Asymptotic spectral equivalence

We can efficiently invert S, ., via GMRES preconditioned with =" M,.
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vk | Solver diagram

Solve density-momentum-pressure blockl

Solve density-momentum-pressure block,

Block preconditioner w.r.t. augmented momentum-pressure bloc]

Exact inverse of diagonal density block C),

Exact Schur complement Sy ,,

Block preconditioner w.r.t. pre

sure block |

Solve A, — DC;'DT ]

yaM, " for approximate Schur complement inve

Solve A, — DC;'DT

Full multigrid cycle
LU factorization

Prolongation operator

Standard operator

Relaxation

Additive star iteration
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o Conclusions

= A strategy for computing multiple solutions of topology optimization
problems.

= Barrier-like terms + active set strategy + deflation.
= Can solve large 3D problems with good preconditioners.
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o Conclusions

= A strategy for computing multiple solutions of topology optimization
problems.

= Barrier-like terms + active set strategy + deflation.
= Can solve large 3D problems with good preconditioners.

Deflation for semismooth equations, P. Farrell, M. Croci, T. Surowiec

Optimization Methods and Software, 2019.
https://doi.org/10.1080/10556788.2019.1613655.

Computing multiple solutions of topology optimization problems

SIAM Journal on Scientific Computing, 2021. https://doi.org/10.1137/20M1326209.

Preconditioners for computing multiple solutions in three-dimensional fluid

topology optimization

SIAM Journal on Scientific Computing, 2023. https://doi.org/10.1137/22M1478598.
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Conclusions

A novel deflation approach for topology optimization and application for

optimization of bipolar plates of electrolysis cells, L. Baeck, S. Blauth,
C. Leithauser, R. Pinnau, & K. Sturm

arXiv, 2024. https://arxiv.org/abs/2406.17491.
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o Software

Deflated barrier method

https://github.com/ioannisPApapadopoulos/fir3dab.

Deflation

https://github.com/ioannisPApapadopoulos/Deflation.

Deflation for bifurcation diagrams

https://bitbucket.org/pefarrell/defcon.
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Thank you for listening!

= papadopoulos@wias-berlin.de (until 20 January 2026)




