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W The fractional Laplacian

Denoted by (—A)*®

Ten (or more) equivalent definitions of the fractional Laplacian over RY.
E.g. fors e (0,1),
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W The fractional Laplacian

Denoted by (—A)®

Ten (or more) equivalent definitions of the fractional Laplacian over RY.
E.g. fors e (0,1),

As a singular integral

(-ayu) = casf T 0y

o |X — y|dt2s
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W The fractional Laplacian

Denoted by (—A)®

Ten (or more) equivalent definitions of the fractional Laplacian over RY.
E.g. fors e (0,1),

As a singular integral

(-8 =oasf ) ay

d |X — y|d+2s

As a Fourier multiplier

FI(-0)°u)(w) = [w*Flu(w).
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1" Equations of interest

Lu=f, u(x)—0as|x| = oco.
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" Equations of interest

Lu=f, u(x)—0as |x] = .

Fractional screened Poisson

T+ (—A))u=f.
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" Equations of interest

Lu=f, u(x)—0as |x] = .

Fractional screened Poisson

(Z+(~A))u=Ff.

Fractional screened Poisson with multiple exponents

(Z+(—D)% +(-DA)2)u=Tf.
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" Equations of interest

Lu=f, u(x)—0as |x] = .

Fractional screened Poisson

(Z+(~A))u=Ff.

Fractional screened Poisson with multiple exponents

(Z+(—D)% +(-DA)2)u=Tf.

Fractional heat

(O + (—A))u = .

Fractional heat with variable exponent

(O + (—A)* DYy = £,
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W Applications

T, o]
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Wave absorption Dispersive transport of ions
Image denoising Long-range geophysical effects
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o Core idea
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o Core idea

oy = {9}V, fin. dim. basis for the solution u.
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o Core idea

oy = {9}V, fin. dim. basis for the solution u.

Apply operator v; .= L¢;, i=1,...,N.
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o Core idea

oy = {9}V, fin. dim. basis for the solution u.

Apply operator v; .= L¢;, i=1,...,N.

Wy = {4} fin. dim. basis for the right-hand side f.

u(x) = L7f(x)

2024-06-25
521 /o
i




Singular and oscillatory integration workshop, UCL, Frames for fractional PDEs

o Core idea

oy = {9}V, fin. dim. basis for the solution u.

Apply operator v; .= L¢;, i=1,...,N.

Wy = {4} fin. dim. basis for the right-hand side f.

u(x) = £71(x) ~ 1zc,w,<x>
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o Core idea

oy = {9}V, fin. dim. basis for the solution u.

Apply operator v; .= L¢;, i=1,...,N.

Wy = {4} fin. dim. basis for the right-hand side f.

u(x) = L7(x) ~ 120111):()() Zc,-(ﬁ‘%,-)(x)
=1
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o Core idea

oy = {9}V, fin. dim. basis for the solution u.

Apply operator v; .= L¢;, i=1,...,N.

Wy = {4} fin. dim. basis for the right-hand side f.

u(x) = L7(x) ~ 1z:c,d;,(x) Zc,(ﬁ Y (x) = ZC, i
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o Frame solver

Algorithm for frame solver
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W Frame solver

Algorithm for frame solver

1. Input:
= L, f. > Fractional PDE operator and right-hand side.
Oy = {¢1,...,on}. > Fin. dim. basis for approximating u.
€, X, j € {1: M}. > SVD tolerance and collocation points.
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W Frame solver

Algorithm for frame solver

1. Input:
= L, f. > Fractional PDE operator and right-hand side.
Oy = {¢1,...,on}. > Fin. dim. basis for approximating u.
€, X, j € {1: M}. > SVD tolerance and collocation points.

2. Output:
sueRN. > u(x) ~ SN, wigi(x).
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W Frame solver

Algorithm for frame solver

1. Input:
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W Frame solver

Algorithm for frame solver

1. Input:
» L, f. > Fractional PDE operator and right-hand side.
» Oy = {p1,...,on}. > Fin. dim. basis for approximating u.
€, X, j € {1: M}. > SVD tolerance and collocation points.
2. Output:
sueRN. > u(x) =~ N uigi(x).
3. Assemble the matrix X € RV*M X = (L¢;)(x), i=1:N,j=1: M.
4. Assemble the vectory; = f(x;), j=1: M.

5. Via an e-truncated SVD projection, compute f ~ argmin|| XV — y/| 2.
VERN
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o Frame solver

Algorithm for frame solver

1. Input:
» L, f. > Fractional PDE operator and right-hand side.
» Oy = {p1,...,on}. > Fin. dim. basis for approximating u.
€, X, j € {1: M}. > SVD tolerance and collocation points.
2. Output:

sueRN. > u(x) =~ N uigi(x).

3. Assemble the matrix X € RV*M X = (L¢;)(x), i=1:N,j=1: M.

4. Assemble the vectory; = f(x;), j=1: M.

5. Via an e-truncated SVD projection, compute f ~ argmin|| XV — y/| 2.
VERN

6. u<«f.

Does an e-truncated SVD projection result in a well-behaved
expansion?
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o Frames

A frame is a family of functions with redundancy. More explicitly:

Frames

Consider a Hilbert space (H, (-, -)n). ¥ = {¢n}, ¥n € His a frame for H if there
exist constants 0 < ¢ < C < co s.t.

cllglf < 1(g, ¢n)ul® < Cligll forall g€ H.
n
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o Frames

A frame is a family of functions with redundancy. More explicitly:

Frames

Consider a Hilbert space (H, (-, -)n). ¥ = {¢n}, ¥n € His a frame for H if there
exist constants 0 < ¢ < C < co s.t.

cllglf < 1(g, ¢n)ul® < Cligll forall g€ H.
n

Frame expansions

A “stable” method for computing the expansion coefficients in a frame is via an
e-truncated SVD projection [Adcock & Huybrechs (2016)].
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W Constructing a solver with frames

Can we efficiently expand fin W .= L&?
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W Constructing a solver with frames

Can we efficiently expand fin W .= L&?

Suppose that & = {¢,} is a frame for H. If the adjoint operator £* is
bounded and positive-definite in H then ¥ = L& = {L¢,} is a frame for
the dual space H*.
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W Constructing a solver with frames

Can we efficiently expand fin W .= L&?

Suppose that & = {¢,} is a frame for H. If the adjoint operator £* is
bounded and positive-definite in H then ¥ = L& = {L¢,} is a frame for
the dual space H*.

Solver pipeline

1. Pick a frame ¢ for H in which we will expand the solution u(x).
2. Compute the dual frame V, i.e. compute L¢, for each n € N.
3. Expand f(x) in the frame W, f(x) = ", fivi(x).

4. Then u(x) =3 figi(x).

What do we pick as ¢ in the context of the fractional Laplacian?
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" Exceptionally elegant formulae

Weighted Jacobi polynomials

QP (x) = (1 — x)?(1 + )PP (x) for x € [-1,1].

Define Q??(x) = 0 for all x € R\[—1,1].
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Exceptionally elegant formulae

Weighted Jacobi polynomials

QP (x) = (1 — x)?(1 + )PP (x) for x € [-1,1].

Define Q??(x) = 0 for all x € R\[—1,1].

The > F; hypergeometric function

2Fi(a, b; ¢; x) _Z(a (b)"n for x € (—1,1),

where (9)n =q(g+1)---(q+n—1)forn>1and (q) = 1.
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" Exceptionally elegant formulae

(=A)$QP? s e (—=1/2,0)U (0,1)

(—A)SQ,(,a’a)(x) _ {constant x X% x oFy function  |x| <1,

constant x|x|? x F; function |x| > 1.
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" Exceptionally elegant formulae

APQR, s € (—1/2,0)U (0, 1)

(—A)SQ,(,a’a)(x) _ {constant x X% x oFy function  |x| <1,

constant x|x|? x F; function |x| > 1.
More specifically:
Ma+n+1) , o0
(-2l () = 4B E D2l

moFi(—ats—|§|.nts—| 8]+ 1in—2§|+3x®)

-+ -2 e[ D Crmst [ e [1T) X <1,
27125 gin(ns)M(n+2s+1)|x| 2L Z e ] oF <S+L J+1 * s s g1 )
_ ﬁr(zn’:aJra) |X‘ >1.

2024-06-25
10121 @




Singular and oscillatory integration workshop, UCL, Frames for fractional PDEs

" Exceptionally elegant formulae

(=A)$QF?), s e (=1/2,0)U (0, 1)

(—A)SQ,(,S’S)(X) _ {constant x Jacobi polynomial |x| < 1,

constant x|x|? x oF; function |x| > 1.
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" Exceptionally elegant formulae

(=A)$QF?), s e (=1/2,0)U (0, 1)

(—A)SQ,(,S’S)(X) _ {constant x Jacobi polynomial |x| < 1,

constant x|x|? x oF; function |x| > 1.

More specifically:

(st g]e)r(nts—|8]+) pls.s)
(_A)So(&s)(x) N B v 1 (= s ",F P ) x| <1,
n - in(rs)" 2L rnesinrinessnn 2L 20 0 (4 | 251 [+ 3o+ [ 8] +inrse 31y
- 2n /znir(nts+3) x> 1.
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" Exceptionally elegant formulae

(=A)$QF?), s e (=1/2,0)U (0, 1)

constant x Jacobi polynomial |x| < 1,
(-8)°af(x) = Polynomal - 1
constant x|x|? x oF; function |x| > 1.

More specifically:

ar(stg]+)r(nts—|2]+7) pls.s)
(AP =, Gy T o
n - sn(rsp"2L8 r(n+s+|)r(n+zs+|)\x\’QL%J’25’325 (st %2+ s+ [ ) +tin+s+ §i) x| > 1

2n/mnir(n+s+3)

For d > 1 equivalent formulae exist for weighted Zernike polynomials.

Explicit fractional Laplacians and Riesz potentials of classical functions

Gutleb & Papadopoulos (2023), https://arxiv.org/abs/2311.10896.
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o Solution frame

Consider £ =T + (—A)®.
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o Solution frame

Consider £ =7 + (—A)°®.

o ={Q, (~8)7°Q SN pen.
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o Solution frame

Consider £ =7 + (—A)°®.

o ={Q, (~8)7°Q SN pen.

¢ is a frame on H§(R) = {u € L2(R) : supp(u) C supp(w) (—A)*2u € L*(R)}
with w(x) = (1 — x?)%.
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o Solution frame

Consider £ =7 + (—A)°®.

o ={Q, (~8)7°Q SN pen.

¢ is a frame on H§(R) = {u € L2(R) : supp(u) C supp(w) (—A)*2u € L*(R)}
with w(x) = (1 — x?)%.

l

V=20 = {QFY + (-A)°QFY, QT+ (-4) Qe
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o Solution frame

Consider £ =7 + (—A)°®.

o ={Q, (~8)7°Q SN pen.

¢ is a frame on H§(R) = {u € L2(R) : supp(u) C supp(w) (—A)*2u € L*(R)}
with w(x) = (1 — x?)%.

V=20 = {QFY + (-A)°QFY, QT+ (-4) Qe

Affine transformations

An important ingredient to a successful solver is including several translations
of @ in the overall solution frame.
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1" Multiple exponents

2

(T+(=0)"+(=0))u(x) = e +(=0) %™ + (-a) e
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1" Multiple exponents

2

(Z+(=8)"7 +(=8))u(x) = e + (=0) %™ + (—a) %

0O—norm error

107

50 100 150 200 250
# frame functions

(a) £°°-norm error.
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1" Multiple exponents

AN
1/3 1/5 —x? 1/3 —x? 1/5 —x°
(T+ (=) +(=0)"P)u(x) =™ +(=A)Pe™ +(-a)/%e ™.
o 8
g 107° o
£ g
:
5‘3 10720 ‘
2
]0715 50 100 150 200 250 50 100 150 200 250
# frame functions # frame functions
(a) £°°-norm error. (b) £°>°-norm of the coefficient vector.
2024-06-25
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1" Multiple exponents

2

(T4 (~A)" + (~0)P)u(x) = ¢ + (—08) e 4 (-a) 5%

10
" 8
2
g T
T 3 4
8
2
]0715 50 100 150 200 250 50 100 150 200 250
# frame functions # frame functions
(a) £°°-norm error. (b) £°>°-norm of the coefficient vector.

5
—1/4 Al (—1/4,—1/4) 00 I>(1/4,1/4) 00
¢:U{(_A) /Ojk( / /)}i:OU{Ol_k(/ /)}/:O

k=1

where h,..., s are [-5,-3], [-3, 1], [-1, 1], [1, 3], and [3, 5], respectively.
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o Two-dimensional Gaussian

(—A)'2u(x,y) = 2r(3/2)1F1(3/2; 1; —x* — y?).

10
1.6
146
’ 08
126
106 06
086 = =
. =
0.66 04
0.46
0.26 02
0.06
-0.14 0.0
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W Two-dimensional Gaussian

AN
A)'/2 =2 (3/2)1F1(3/2;1; —x* — y?
(=8)"%u(x,y) = 21(3/2)1F1(3/2;1; =x* — 7).
10°
glo’3
;ziw"’
w? 0 10 20 30 40 50 60 70 80 90
# frame functions
(a) £°°-norm error.
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W Two-dimensional Gaussian

(—A)'2u(x,y) = 2r(3/2)1F1(3/2; 1; —x* — y?).

10
35
3.0
810 25
g g
g S20
E o
2 | 106 ~ 1.5
1.0
0.5
1077 0 10 20 30 40 50 60 70 80 920 0 10 20 30 40 50 60 70 80 920
# frame functions # frame functions
(a) £°°-norm error. (b) £°°-norm of the coefficient vector.
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o Fractional heat

AN
O+ (=A)"2)u(x, 1) =0, u(x,0)=(1+x3)"".
8 4 Backward Euler
o < Implicit midpoi
= e
2024-06-25
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W Fractional heat

A N
(O + (=A)"P)u(x,t) =0, u(x,0)=(1+x2)""
t } ) 9 .
3 —0— Backward Euler
= Implicit midpoi
& i t:g::z:: {ith order
5
—1/2 Ale,(=1/2,—1/2 Ik,(1/2,1/2
¢:U{(_A) /qk( / /)}721U{qk(/ /)}]Oio
k=1
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o Fractional heat

—11

u(z, 1) — @ y()u,l

—1000 -500 0 500 1000
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W Fractional heat with variable exponent
AS)
(0 + (—2)*D)u(x, 1) =0, s(t) =1/2-1/3, u(x,0) = (1 +x*)"
time = 1(s) time = 1(s)
0.4
0.3
0.1
0.0
-20 -10 J0 10 20 s
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Fractional heat with variable exponent

(0 + (=D ¥DYu(x, t) =0, s(t)=1/2— /3, u(x,0)=(1+x2)""

time = 1(s) time = 1(s)
:
0.4
0.3
B
=02
0.1
0.0
-20 -10 0 10 20
T xT

5
- lic;(—5(tn), —5(tn)) 0o le,(5(tn),5(n)) 0o
by = |J{(—a) S @l (50—t ye0  fhloti st yoc
k=1
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o Conclusions

= A strategy for solving equations involving fractional Laplacians.

= Turn the problem from a solve to an expansion in a non-standard
finite-dimensional basis.

= Use an e-truncated SVD projection to obtain expansion coefficients.
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= Use an e-truncated SVD projection to obtain expansion coefficients.

A frame approach for equations involving the fractional Laplacian,

I.P., T. Gutleb, J. Carrillo, S. Olver

arXiv, 2023. https://arxiv.org/abs/2311.12451.

FractionalFrames.|l

https://github.com/ioannisPApapadopoulos/FractionalFrames. jl.

2024-06-25
19/21

Lot



https://arxiv.org/abs/2311.12451
https://github.com/ioannisPApapadopoulos/FractionalFrames.jl

Singular and oscillatory integration workshop, UCL, Frames for fractional PDEs

W Unfinished business

Faster assembly of X?

Implementation of three-term recurrence for |x| < 1 and (F. W. J)
Olver’s and Miller’s algorithm for evaluation in |x| > 1.
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W Unfinished business

Faster assembly of X?

Implementation of three-term recurrence for |x| < 1 and (F. W. J)
Olver’s and Miller’s algorithm for evaluation in |x| > 1.

Perhaps via the AZ-algorithm?

Frame in a more standard Hilbert space?

Proof that combining affine-transformations of the families of functions is also a
frame?

Rigorous explanation for accurate representation of asymptotics?

Proof of convergence of Runge-Kutta methods

Backward Euler has already been considered.
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Thank you for listening!

= papadopoulos@wias-berlin.de
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